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Abstract. Wc introduce generalized Frobenius-Schur indicators for pivotal categories. In a spher- 
ical fusion category C, an equivariant indicator of an object in C is defined as a functional on the 
Grothendieck algebra of the quantum double Z(C) via generalized Frobenius-Schur indicators. The 
set of all equivariant indicators admits a natural action of the modular group. Using the prop- 
erties of equivariant indicators, we prove a congruence subgroup theorem for modular categories. 
As a consequence, all modular representations of a modular category have finite images, and they 
satisfy a conjecture of Eholzer. In addition, we obtain two formulae for the generalized indicators, 
one of them a generalization of Bantay's second indicator formula for a rational conformal field 
theory. This formula implies a conjecture of Pradisi-Sagnotti-Stanev, as well as a conjecture of 
Borisov-Halpern-Schweigert. 



Introduction 

The importance of the role of the modular group SL 2 (Z) in conformal field theory has been 
known since the work of Cardy [Car86] . Associated to a 2D rational conformal field theory (RCFT) 
is a finite-dimensional representation of SL2 (Z) with a distinguished basis formed by the characters 
of the primary fields. This modular representation conceives some interesting algebraic and arith- 
metic properties. One notable example is the Verlindc formula (cf. [Ver88], [MS89]). The kernel 
of the modular representation associated with a RCFT is of particular interest. It has been conjec- 
tured the kernel is always a congruence subgroup of SL 2 (Z) (cf. [Moo87], [Eho95], [ES95], [DM96], 
[BCIR97]), i.e. it contains some principal congruence subgroup T(N) of SL 2 (Z). The conjecture 
was first addressed by Coste and Gannon in [CG], and they showed that the conjecture holds if 

t = q j G SL 2 (Z) is represented by an odd order matrix under the modular representation. The 

conjecture was later established by Bantay in [Ban03] under certain assumptions. More recently, Xu 
also solved the conjecture for the modular representation associated to a local conformal net [Xu06]. 

The language of modular tensor categories, termed by I. Frenkel, constitutes a formalization of 
the chiral data of a conformal field theory (cf. [MS90], [BK01]). A modular tensor category may be 
thought of as the representation category of some chiral algebra which corresponds to a conformal 
field theory. Huang has proved this for some vertex operator algebras [Hua05] (see also [Lep05]). 
The recent progress in representation theory has revealed that a modular tensor category over an 
algebraically closed field k of characteristic zero can always be realized as the representation category 
of some connected ribbon factorizablc scmisimplc weak Hopf algebra over k (cf. [SzlOl], [NTV03]). 
Moreover, Miiger has also shown in [Miig03] that the center (quantum double) Z{C) of a spherical 
fusion category C over k is naturally a modular tensor category. In particular, the representation 
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category of a semisimple factorizable Hopf algebra and the representation category of the Drinfcld 
double D(H) of a semisimple Hopf algebra H are modular tensor categories. 

Parallel to rational conformal held theory, each modular tensor category A over k is associated 
with a natural projective modular representation on /Co(^4)®zk, where 1Cq(A) is the Grothendieck 
(fusion) ring of A. This projective modular representation is projectively equivalent to an ordinary 
representation, but such a lifting is not unique. However, if A = Z(C) for some spherical fusion 
category C, then there exists a canonical ordinary modular representation pz(c) which is a lifting 
of Pztc)- ^ i s natural to ask whether the kernels of these canonical projective or ordinary modular 
representations are congruence subgroups of SL 2 (Z). These questions were answered affirmatively 
by Sommerhauser and Zhu in [SZ] for factorizable semisimple Hopf algebras and the Drinfeld doubles 
of semisimple Hopf algebras. In this paper, we generalize their results to spherical fusion categories, 
and prove the congruence subgroup conjectures in Theorems 6.7 and 6.8. Moreover, every lifting of 
the projective modular representation of a modular tensor category has a finite image. We approach 
these questions by studying the generalized Frobcnius-Schur indicators for spherical fusion categories 
introduced in this paper. 

The classical notion of the second Frobenius-Schur (FS) indicators for the representations of a 
hnite group has been generalized to many different contexts. A version for semisimple Hopf alge- 
bras was introduced by Linchcnko and Montgomery [LMOO] . A more general version for semisimple 
quasi- Hopf algebras was studied by Mason and Ng in [MN05] , and Schaucnburg in [Sch04] . Some cat- 
egorical versions of the 2nd FS indicator were studied by Fuchs, Ganchcv, Szlachanyi, and Vescernyes 
in [FGSV99] and by Fuchs and Schweigert in [FS03]. Bantay also introduced another version of the 
2nd FS indicator for RCFT as a formula in terms of the modular data. The less well-known higher 
FS indicators for the representations of a hnite group were generalized to semisimple Hopf algebras 
in [LMOO], and have been studied extensively by Kashina, Sommerhauser and Zhu [KSZ06], and to 
semisimple quasi- Hopf algebras by Ng and Schauenburg [NS08] . All these FS indicators in different 
contexts are specializations of the higher FS indicators for pivotal categories introduced in [NS07b] . 

The main tool employed in [SZ] to prove the congruence subgroup theorems is the equivariant indi- 
cators for semisimple Hopf algebras, which are extensions of the higher FS indicators for semisimple 
Hopf algebras. Their discovery suggests a more general version of indicators for pivotal categories. 
In this paper, we introduce the generalized Frobenius-Schur (GFS) indicator i{V) for a pair (m, I) 
of integers, an object V of a pivotal category C and an object X in the center Z(C). For a pair 
of integers m, I £ Z, the indicator v^i{V) is defined as the trace of a linear endomorphism 
on the vector space C(X, V® m ) where X is the underlying C-object of X. If X is the unit object 
of Z(C) and m > 0, then v^iiV) coincides with the (m, Z)-th FS indicator v m j{V) of V defined in 
[NS07b]. In a spherical fusion category C, one can extend the assignment X ^ v^i(V) for each 
simple X £ Z(C) to a linear functional 7y((m, /), — ) on the fusion algebra )Ck(Z(C)) = ICo(Z(C)) <8>zk 
for each pair (m, I) of integers and V £ C; this extension is called the equivariant indicator in Section 
6. It is equivalent to the corresponding notion introduced by Sommerhauser and Zhu when C is the 
representation category of a semisimple Hopf algebra. 

The set of all equivariant indicators is closed under the SL 2 (Z)-action on K.^{Z{C))* induced 
by the contragredient of the modular representation pz(C)- Moreover, the indicators are invariant 
under the action of the principal congruence subgroup T(N), which is the kernel of the epimorphism 
SL 2 (Z) — > SL 2 (Z/./VZ), where N is the Frobenius-Schur exponent of C. The study of the relation 
between the equivariant indicators and the modular representations associated with the center of a 
modular tensor category leads to our major theorems. These theorems imply that all the modular 
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representations of a modular category have finite images, and a conjecture of Eholzer on these 
representations. 

In the course of studying the equivariant indicators, we obtain two formulae for the GFS indica- 
tors. The first formula, obtained in Corollary 5.6, expresses i/„ i(V) for a spherical fusion category 
C in terms of the modular data of Z(C); it contains the FS indicator formula discovered in [NS07a, 
Theorem 4.1] as a special case. The second formula, described in Proposition 6.1 which is a con- 
sequence of the first formula, expresses 1 (V) for a modular category A in terms of its modular 
data. It implies Bantay's indicator formula [Ban97] when we specify m = 2 and X to be the unit 
object of Z(A). More importantly, this formula suggests a close relationship between the GFS in- 
dicators and a family of scalars Y£ b indexed by the primary fields a, &, c of a RCFT introduced in 
[PSS95]. It is conjectured in [PSS95] that Y£ b are integers and it is further conjectured in [BHS98] 
certain inequality holds for Y£ b . Gannon has proved these conjectures under the condition that the 
T matrix of the RCFT has odd order [GanOO]. More recently, Kac, Longo and Xu have proved these 
conjectures via Z2-orbifolds of conformal nets [KLX05]. As an application of GFS indicators, we 
prove these conjectures hold for all modular categories. 

The organization of this paper is as follows: In Section 1 we cover some basic definitions, notations, 
conventions and preliminary results on pivotal categories for the remaining discussion. In Section 2 
we define the generalized FS indicators, discuss their basic properties and an alternative characteri- 
zation. This continues in Section 3 under the additional assumption that the category is semisimple, 
and we give another characterization of the GFS indicators for spherical fusion categories. In Section 
4, we show how this characterization recovers the equivariant indicators introduced in [SZ] when 
the underlying spherical category is the representation category of a semisimple Hopf algebra. We 
define the equivariant indicators for a spherical fusion category in Section 5. We show that the set of 
equivariant indicators admits a natural action of SL2 (Z) , and derive some important consequences of 
this modular action. In Section 6, we study the equivariant indicators for a modular tensor category 
and its center, and prove the congruence subgroup theorems. We also provide an example for the 
congruence subgroups arising. The study of modular representations of a modular category contin- 
ues in Section 7. We prove the images of these representations arc finite, and a conjecture of Eholzer 
for modular categories holds. In Section 8, we prove a conjecture of Pradisi-Sagnotti-Stanev and a 
conjecture of Borisov-Halpcrn-Schwcigcrt using a generalized Bantay's formula for GFS indicators. 
In Section 9, we introduce the definition of generalized Frobenius-Schur endomorphisms in a pivotal 
fusion category C. For relatively prime positive integers m, I these turn out to be natural endomor- 
phisms of the identity functor idc , and the corresponding GFS indicators can be expressed as their 
pivotal traces. This is a generalization of the formulas expressing higher indicators as character 
values on certain central elements of a quasi-Hopf algebra. 

1. Preliminaries 

In this section, we will collect some conventions and facts on pivotal categories. Most of these are 
quite well-known, and the readers are referred to to [NS07b, NS08, NS07a] and the literature cited 
there. Additional key results on fusion categories and their centers are taken from Miiger's work 
[Miig03] 

1.1. Pivotal and spherical monoidal categories. In a monoidal category C with tensor product 
<g), we denote (U <g> V) <g> W -> U <g> (V ® W) the associativity isomorphism. If X,Y e C are 
obtained by tensoring together the same sequence of objects with two different arrangements of 
parentheses, one can obtain an isomorphism between them by composing several instances of the 
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tensor products of $, $ 1 and the identity. It is unique by the coherence theorem, and will be 
denoted by $ ? : X ->• Y. 

We will assume throughout that the unit object / G C is strict. A left dual of an object V G C is 
an object V v € C together with the morphisms ev: V v (g> V — > I and db: I — > V (S> V^ v such that 

iaV = i 1 ^ ( V ®V^)®V ^V®(V^ ® V) V) , 

id y v = (V v v ® (y ® v v ) ^> (v v ® v) ® t^ v v v 



A right dual of an object can be defined similarly. A monoidal category C is called left (resp. right) 
rigid if every object of C admits a left (resp. right) dual. If C is a left rigid monoidal category, 
then taking duals can be extended to a monoidal functor (— ) v : C C° p , and so (— ) vv : C — > C is 
consequently a monoidal functor. Moreover, we can choose I v = I and evj = dbj = idj. 

A pivotal category is a left rigid monoidal category equipped with an isomorphism j : Id — > (— ) vv , 
called a pivotal structure, of monoidal functors. 

Let C be a pivotal category, and V G C. Then V v together with the morphisms 

V ® V y V vv ® V v ^ I 



becomes a right dual of V. In particular, C is also right rigid. Let /: V — > V be a morphism in the 
pivotal category C. The left and right pivotal traces of / are respectively 



ptr r (/)= ^^>T/®y v ^>F®y v ^>/J and ptr £ '(/) = I I V (8) V — V (g) V — -» J 

The left and right pivotal dimensions of V G C arc cif(V) = ptr £ (idy) and d r (V) = ptr r (idy). 

A spherical category is a pivotal category in which the left and right pivotal traces of every 
morphism are identical. In a spherical category, the pivotal traces and dimensions will be denoted 
by ptr(/) and d(V), respectively. 

A pivotal category is called strict if the associativity isomorphism $, the pivotal structure j, and 
the canonical isomorphism (V <8> W) y — > W y ® V v are identities. It has been shown in [NS07b, 
Theorem 2.2] that every pivotal category C is equivalent to a strict pivotal category C s t r ; equivalence 
as pivotal categories means that the monoidal equivalence C — >• C s t r preserves pivotal structures in a 
suitable sense [NS07b]. If C is spherical, then so is C str . 

In a strict pivotal category, we make free use of graphical calculus. Our convention for a morphism 
is a diagram with the source at the top and the target at the bottom. For instance, the morphisms 
ev : V v <8> V -> I, db : I -> V ® V v , ev : V ®V y I and db : / ->■ V v ® V are respectively the 
diagrams: 

V_y , v v v > V_y ' and v v v ■ 

Notice that evy = evyv and dby = dbyv in a strict pivotal category. 

The left and right pivotal traces of a morphism / : V — > V are given by the diagrams: 

Pt£'(/) = v v (^\p and ptr' (/) =g 
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If the pivotal category is spherical, the two pivotal traces coincide. 

Now let C be a left rigid braided monoidal category. In the graphical calculus, we depict the 
braiding c and its inverse as 

v w w y 

° vw = 4\ and ° vw = ' 

Associated to c is the Drinfeld isomorphism u : Id — s> (— ) vv defined by 



u v := (v (V v ® V vv ) ®y-4 7 v ® (V vv <g> V) V v ® (V ® T/ vv ) 

^> (V~ v ® V) ® V~ vv ^4 V VN 
which also satisfies 

wvgvf = («v ® u wO c yw c wV for K,iyeC. 
In particular, the equation 9 = u^ 1 ] describes a one-to-one correspondence between pivotal struc- 
tures j and twists 9 on C. Here, a twist is by definition an automorphism of the identity functor on 
C satisfying 

(1.1) &v®w = (8v <8 ®w) c wvcvw an d 0i = id/ . 

For a strict pivotal category with a braiding c, the Drinfeld isomorphism and the associated twist 9 
are respectively given by 

v v 

u v = v v {^y^ and ° v = = l^^^ 17 v ' 

v v 



A twist 9 on C is called a ribbon structure if it satisfies 9 V = 9yv . The triple (C,c,9) is called 
a ribbon category if 9 is a ribbon structure on the braided monoidal category C with the braiding 
c. In a ribbon category, the associated pivotal structure on C is spherical. If C is strict, then the 
associated ribbon structure 9 can be depicted as 




1.2. The center construction. The (left) center Z(C) of a monoidal category C is a category 
whose objects are pairs X = (A, ax) in which A is an object of C and the half-braiding crx(—) ■ 
A" ® (— ) — > ( — ) ® A is a natural isomorphism satisfying the properties a x {I) — idjc and 

(V ® CTx-(W)) o $v,X,W ° {<*x(y) ®W) = §v,W,X o CTX^V ® W) o 

for all V,W G C. We will often write cr^.v hi place of crx(V^)- It is well-known that Z(C) is a braided 
monoidal category (cf. [Kas95]). The tensor product (A, ax) ® (Y,oy) (A ® Y, crx®y), of two 
objects (A, ax) and (Y, ay), and the unit object (J, 07) are given by 

o-aw(Y) = $y,x,y ° (o-x(V) ® Y) o $ X ] V)Y o (A ® oy(V)) o $ x ,y,v 

and cr/(V) = idy for any V £ C. The associativity isomorphisms are inherited from C, so that the 
forgetful functor Z{C) — > C is a strict monoidal functor. The canonical braiding on Z(C) is given 
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by cx,y = <?x(Y) for X = {X, ax), Y = (Y, cry) G Z(C). If there is no danger of confusion with a 
previously given braiding on C, we will depict the half-braiding of Z(C) by 



<TX(V) 



and <rx(Vy 



If C is left rigid, then so is Z(C). If C is a pivotal (resp. spherical) category, then Z{C) is also 
a pivotal (resp. spherical) category with the pivotal structure inherited from C. Any equivalence 
T: C — > V of monoidal categories naturally induces an equivalence T : Z(C) — > Z(T>) of braided 
monoidal categories. In addition, if C and V are pivotal categories and T preserves their pivotal 
structures, then T: Z(C) — > Z(T>) also preserves their pivotal structures and the twists associated 
with their pivotal structures. 

There is a one-to-one correspondence between braidings on a monoidal category and sections of 
the forgetful functor Z(C) — > C, where the section C — > Z(C) corresponding to a braiding c maps 
X G C to (X, ax) G Z(C) with ax{V) = cx,v- Since the inverse of a braiding gives another braiding, 
we can combine the two resulting sections of the forgetful functor to yield a functor C x C — > Z(C) 
which maps (X, Y) G C x C to (X <E> Y, <Jx®y) given in the strict case by 



(1.2) 



<tx®y(V) = (cxv ®Y){X ® c VY y 



If C is left rigid, one can check that the dual of (X (£> Y, ax^y) is 



(1.3) 



(X®Y,ax®y) v = (X v ®Y y ,a X v® Y v) 



with evaluation and coevaluation morphisms given by 



and 





1.3. k-linear and semisimple monoidal categories. Almost all results obtained in this paper 
pertain to k-linear monoidal categories, where we assume throughout that Ik is an algebraically closed 
field of characteristic zero, although it may be worth to note that Sections 2 and 3 do not require 
any additional assumptions on the field k. 

We also fix the convention that a k-linear monoidal category C is said to be semisimple if the 
underlying k-linear category is semisimple with finite-dimensional morphism spaces, and the unit 
object I is simple. Following [ENO05], a fusion category over k is a semisimple left rigid k-linear 
monoidal category with finitely many simple objects. 

Note that if C is a pivotal category over k and / is absolutely simple, then the pivotal traces 
ptr (/) and ptr r (/) of an endomorphism /, which were defined as endomorphisms of I, can be 
identified with scalars in k. In this case we use the pivotal traces to define bilinear pairings 

(vMv)r :C(U,V)xC(V,U)^k 

by 

(1-4) (f,g)t :=pt£ £ (/o 5 ), and (/, g) r := ptr r (/ o g) 

Note that (/, g)e = (g, f)e holds (cf. [NS07b]), and these bilinear pairings coincide when C is spherical. 
In this case, we simply denote (f,g) r or (f,g)e by (/,<?). If C is also semisimple, then the pairings 
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in (1.4) are non-degenerate (cf. [GK96]). It follows that for a braided spherical semisimple k-linear 
category the twist associated to the pivotal structure is always a ribbon structure. 

For any object V in a pivotal fusion category C over k, we write [V] for its isomorphism class. If 
{[Vi] | i G T} denotes the finite set of isomorphism classes of simple objects in C, then the index set 
r is always assumed to contain by setting Vo to be the unit object of C. For i G T, we define i ET 
by the isomorphism = V-. By [ENO05, Theorem 2.3 and Proposition 2.9], the pivotal dimension 
di(Vi) of Vi is a non-zero algebraic integer in Ik, and 

dimC = J2MVi)di(Vy) ^0. 

In addition, if C is spherical, then d(V t ) = d{V^) (cf. [ENO05, Corollary 2.10]) and so 

dimC = J2 d ( V *) 2 + °- 

ier 

We denote by tC (C) the Grothendieck ring of the fusion category C, and by K.^(C) := IC a (C) ®jk 
its Grothendieck algebra. The set {[V^] | i G T} is a basis for the free Z- module K.o(C), and (with 
the obvious identification) a k-basis of JC^(C); we will refer to it as the canonical basis. 

The center of a k-lincar monoidal category is itself k-linear monoidal in the obvious way. By 
[Miig03, Theorem 3.16, Corollary 5.6] (see also [ENO05, Theorem 2.15]) the center of a pivotal 
(resp. spherical) fusion category over k is also a pivotal (resp. spherical) fusion category over k 
([Miig03] assumes a spherical category, but note [Miig03, Remark 3.17]). Moreover, by [Miig03, 
Proposition 8.1] the forgetful functor F : Z(C) — > C, which maps X = [X, ax) to X, admits a 
two-sided adjoint functor K : C — > Z(C). 

Alternatively, [SzlOl] and [NTV03] also imply the existence of a left adjoint K to F, Consider 
such an adjoint, and a natural isomorphism : C{V,X) — > T>(K(V), X). Since C is a pivotal 

fusion category over k, so is V = Z(C) by [ENO05, Theorem 2.15]. Therefore, the bilinear forms 
(•, -)t defined in V is non-degenerate. Let ^x.y : 2?(X, K(V)) — > C(X, V) be the adjoint operator of 
*&v,x with respect to (•, -)e, i.e. 

(1.5) (*(/), g) e = (/, H/(g)) t for all / G C(V, X), g G 2?(X, K{V)) . 

By the naturality of ^ , the linear isomorphism ^ is also natural in X and V. In particular, K is a 
right adjoint to F, and \& is an associated adjunction isomorphism. 

In fact if either of the adjunction isomorphisms VP for the right or "J - for the left adjoint is given, 
we can define the other one by (1.5), which will define a natural isomorphism because {■,■)(, is 
nondegenerate . 



1.4. Modular categories. A modular tensor category over k (see [BK01, Chapter 3]), also simply 
called a modular category, is a ribbon fusion category A = {A, c, 9) over k such that, for the set 
{[Ui] | i G 11} of isomorphism classes of simple objects, the matrix S = [Sij]n defined by 

(1.6) Sij = ptr (cu^Uj ° C(7 T ,c/ 3 ) 

is non-singular. This matrix S is called the S-matrix of A. In the strict case, Sij can be depicted as 
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Let Qui = 0Ji \&Ui for some uji e k. The matrices T and C (charge conjugation matrix) of A are 
defined as 

T = [Sylvan and C = [<5-]n- 
These matrices S, T and C satisfy the conditions: 

(1-7) (ST) 3 =p+S 2 , S 2 =p+p A C, CT = TG 1 C 2 = id, 

where p A = X^ien w i ±1 ^(^) 2 are called the Gauss sums of A. Note that p A are non-zero scalars 
and 

(1.8) p>^ = ^d(Ui) 2 =dimA 

ien 

By [Vaf88], uj{ and the quotient ^4 are roots of unity, and so T N = 1 where TV = ord#. 

Pa 

Recall that the modular group SL2 (Z) is the group generated by 



-1 

1 



1 1 
1 



with defining relations (st) 3 = s 2 and s 4 = 1. 



Therefore, the relations (1.7) imply that 

(1.9) p A : SL 2 (Z) -> PGL(/C k (^)); s^S and t^T 

defines a projective representation of SL 2 (Z) on the Grothcndicck algebra of A, where we identify 
the S and T matrices with automorphisms of K-k(A) using the latter's canonical basis of simple 
objects. This projective representation will be called as the projective modular representation of A. 

The projective representation (1.9) can be lifted to an ordinary representation 

(1.10) p A X : SL 2 (Z) -> GL(IC k (A)y, s^s:= -S and t^t := -T, 

A c 

by choosing scalars A, ( € k such that 

(1.11) A 2 = dim.4 and ( 3 = 

A 

It follows from (1.7) that 

(1.12) (st) 3 = s 2 , s 2 = C, and s 4 = f . 

The following well-known properties of the matrix s = [syjii w iU be used frequently (cf. [BK01, 
Chapter 3]) : for i,j g II, 

(1.13) s i = d(Ui)/X, = sji = sj-, and s _1 = [s^] n . 

By Miiger's results [Miig03] , the center of a spherical fusion category is a modular fusion category, 
whose Gauss sums are p^(C) = dimC. In t ms case, the projective representation (1.9) for A = Z(C) 
can be lifted in a canonical way to an ordinary representation by choosing A = dimC and £ = 1, 

which satisfy (1.11). We will call s = — — —S the normalized 5-matrix of Z(C). This ordinary 

dimC 

representation 

p z[C ) ■ SL 2 (Z) -> GL(AC k (Z(C))); s h-> and tn+T 

is called the canonical modular representation of Z(C). 

The center of a modular fusion category A = (A, c, 0) can be described explicitly as follows: Let 
{[/,; I i e n} be a complete set of non-isomorphic simple objects. Then by [Miig03], {(Ui®Uj , (ru^u,) | 
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i,j G 11} is a complete set of non-isomorphic simple objects of Z(A), where the half-braiding au^Uj 
is defined in (1.2). In other words, we have isomorphisms 

(1.14) Ka{A) ® Ko(A) -> Ko(Z(A)), IC k (A) ® /C k (.A) -> K k (Z(.A)); 

z 

[Ci] ® [I7j] h> [U.y] := [(l/ 4 ® [/j, o-j/, 9Uf )]. 

Note that (1.3) implies 

(1-15) = I!,, 

2. Generalized Frobenius-Schur indicators 

In this section, we introduce the definition of generalized Frobenius-Schur indicators for each 
object in a pivotal category over the field k, and we derive some properties of these indicators from 
the definition. 

Let C be a pivotal category over k. For V G C and m G Z we define V m G C by setting V° = I 
and V m = V (g> F 7 ™ -1 if m > 0, and V m := (V v )- m for m < 0. Duality (-) v is a contravariant 
monoidal functor with respect to a canonical isomorphism £ : Y v ® X v — > (X (g) F) v coherent with 
the associativity isomorphisms $ in C. For a non-negative integer m and V G C, there exists, by the 
coherence theorem, a unique isomorphism t m : V~ m — > (V m ) v which is a composition of instances 
of tensor products of id, $ ±1 and Combining with the pivotal structure j of C, we can extend 
the definition to negative m as follows: 

tm — ( v- m 4 (y- m ) vv (V m [ 



Using t m we define, for any m G Z: 



( 



and 

db m := {I ^ V m ® (U m ) v ) T/ m ® V" 

Note that if C is a strict pivotal category, then t m is the identity, ev,„ = cvym , and db m = dby™ . 

Next, for any m, I € Z, there is a canonical morphism J mj ;(F) : U"' Cg> (F m <g> V 1 ) — > V m defined 
using only evaluation and coherence. More precisely, 



Jm,l(V) ■-- 



V~ l ®{V m ®V l ) ^ {V~ l ®V l )®V m ^±®^v m if ml>0, 
V~ l ® (V m ® V 1 ) V m (g> (F"' ® U ; ) id ® cv '> V" m if mZ < 0. 



Note that there is no difference between these two expressions for J m ^{V) if ml = 0. We write J m [ 
for J m ,i{Y) when the context is clear. 

Now for X = (X, a x ) G Z(C), V G C, and I G Z set 

Dx,l := X ® (V"' ® F ( ) ^ (X ® 7"') ® V 1 

(V" 1 ® X) ® V 1 A 7"' ® (X ® y')) • 
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Finally for m, I G Z, X = (X, a x ) £ Z(C), V G C, we define the k-linear map F^> : C(X, F m ) ->■ 
C(X, V ro ) as 



for / G C(X, V m ). It will sometimes be convenient to write Eyp 



Ey^y 1 for m > and 



(04) 



Definition 2.1. Let C be a pivotal category over k. For X G Z(C), V G C and (to, G Z x Z, we 
define the generalized Frobenius-Schur (GFS) indicator 



(2-1) 

Remark 2.2. Let J 7 : C — > P 6e an equivalence of monoidal categories, with the induced equiva- 
lence T: Z(C) — > Z{T>) of braided monoidal categories. Consider V G C and X G Z(C). Similar 
to the reasoning in [NS07b, Section 4], the endomorphisms of C(X,V m ) and E<g£ 

of T>(J-(X), J-{V) m ) are conjugate. More precisely, by the general coherence results for monoidal 
functors there is a unique isomorphism £' : F{V m ) — > F(V) m composed from instances of the 
monoidal functor structures of T , and (if m < 0) the canonical isomorphism J-(V V ) — > J-(V) V . 
For f : X — > V m we then have 

e o T (E^(f)) = o F(f)). 



As a consequence, monoidal category equivalences preserve generalized indicators: 

In particular, to deal with the theory of generalized indicators it will be sufficient to treat the case 
where the category C is strict pivotal. 

Remark 2.3. Assuming the pivotal category C is strict, we have the following diagrams in the 
graphical calculus: 



(2.2) 



whe 





forf€C(X,V r 



y-l ym yl 



vr V 



Jm,l(V) IS 



v m if ml > 0, but equals 



V7 V 



V_y if ml < 0. 



Moreover, since J m ,i(V v ) = J_ TO; _;(V), (2.2) immediately implies 
(2.3) 



Tp(m,l) _ Tp(-rn,-l) 



for V G C, X G Z(C), and m, I G Z. 
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Remark 2.4. It is immediate from the definition or (2.2) that E-£y is natural in X G Z{C), i.e. 
for morphisms g: X — > Y in Z(C) and f : Y — > V in C we have £j"y - (/<?) = E^y{f)g. As a 
consequence, the generalized indicator f^;(V) is additive in its parameter X, i/iaf is 

/or X, Y e Z(C), V £ C and (m, l)eZxZ. 

Lemma 2.5. Consider a pivotal monoidal category C. Then we have 



(2.4) 



E 



(m,k+l) 

x,v 



for allV G C, X G Z(C), and m, fc, Z G Z smc/i £/ia£ kl > or m ^ 0. In particular Ey^y = [Ey^y^ 
if m 7^ . 



Proof. We can assume that C is strict pivotal. By (2.3) we may assume that m > 0. If fc, Z > 0, then 

y-l yi yfc 



V 



Jr, 



v: 



y-l v l VI' 



V ' 



y-ky-l yl yk y 



J, 



m,k-\-l 



The same conclusion 

J m .k{V) o (id v -* ®J m ,i(F) ® idyt) = J m ,k+i{V) 
holds for fc, Z < by a calculation which is the mirror image of that above. Thus, whenever fcZ > 0, 
we have 



w (m,k) j-,(m,l), r\ 

& x,v ^x,v U) 




(m,k+l) 



(/)• 



Note that (2.4) for fc, I of the same sign implies E xv 

Thus, to prove (2.4) for m/0 and arbitrary fc, Z, it suffices to show that E^y L arc mutually inverse. 
It suffices to assume m > 0. Then 



for all non- negative integers Z. 

m,±l 



(2.5) 



E- 



(m,l) 



(/) 



and they are inverse of each other 




E- 



x,v 



1} (/) 




V V 



Remark 2.6. in particular, for m > anrf X egwaZ to i/ie unit object of Z{C), the GFS indicator 
i£ j(V) coincides with the (m,l)-th Frobenius-Schur indicator v m ,i{V) defined in [NS07b]. 
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Lemma 2.7. Consider a pivotal monoidal category C. Then we have 

(2.6) 4T +J1 (/)=4^ ) ^ 1 

for all V G C, X G Z(C), and m,l G Z wii/i m/0 and / G C(JT, y m ) ; where 9 is the twist on Z(C) 
associated with the pivotal structure on C. In addition, if 6^ = idx for some positive integer N, 
then E^y 1 ^ = id. 



Proof. We may assume that C is strict. By Lemma 2.5 it is enough to treat the case I = 0, i.e. to 
show E t ^ l v m \f) = f o But indeed J m ,m(V) = ev m and thus 




= r 





m = /o^ 1 



If, in addition, = idx, then 



for all / G C(X,l/ m ). □ 



Proposition 2.8. Le£ C be a pivotal category over k, V G C, X G Z(C), and (m, l)eZxZ. TTien 

« <iW = dimC(X,J). 

(ii) ^(y^^t^MgeZ. 

(hi) //X is (absolutely) simple and m > 0, then m+l (V) = ;(V) where uj G k is given 

by #x = w idx- Moreover, uj = 1 or C(X, I) = 0. 



Proof. We can assume that C is strict. 

(i) For V = I the morphism J m .;(V^) is the identity, and so is E^y'. 

(ii) From the graphical representation of £x,v displayed in Remark 2.3, it is straightforward to 
read off that e£$, = E^ V M) . 

(iii) The first statement is a direct consequence of the preceding lemma. The second then follows 
by setting V = I and using (i), since we have assumed k to have characteristic zero. Without 
that assumption we could still set V — I and find 

•j cC 1 . 1 ) -i P (i,o) -l-j 

idc(AV) = E^y = uj Ey^y = uj id C (x,j), 

and so uj = 1 or C(X, I) = 0. □ 
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Lemma 2.9. Let C be a pivotal category over Ik, V € C, X S Z(C), and m,l G Z. Then, for all 
f e C{X, V m ) and g 6 C(F m , X), we have 



( ff ,4 m ^(/)) r = ptr r 



/vr v~'\ 



\y-l y'm / 



if Im < , 



( ff ,i?^ ) (/)),=ptr 




£/ lm>0. 



Proof. We may assume that C is strict pivotal. We treat the case ml > first. Note that in this 
case 



v~ m V~' V, m V 1 v~ m v~' v' V 



u 



Therefore 





y-l ym yl y 



The proof in the case Im < is similar but using J m ,i(y 



= ev/_ m this time. □ 



Lemma 2.10. Assume that C is a strict spherical monoidal category. Then for V £ C, X = 
(X, a x ) G Z(C), m, lei, f e C(X, V m ) and g e C(V m , X) we /iawe: 

Ptr(4 m ^ (f)9) = Pt£(/4^v (sT) • 
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Proof. 

ptr( 5 4 m y(/)) = £tr((V- ; ® ( 5 ® 

= ptr ((V- 1 (8 /)<7 X)V -« (g ® OW 

= ptr((l/'® 5 v )^v iyl (/ V ®^)) 

= ptr (((1/ V ® ff V )tr X v, ( vv)-. (/ V ® (^V)) 

= ptr(/ v 4^ v ( fl v )) 

= ptr(4 m 4 v ( ff v ) v /). □ 

Remark 2.11. It is worthwhile to rewrite the last lemma slightly in the context of a strict spherical 
category over k. We define 

(2.7) E ( l$ : C(V m , X) -> C(V™, X); / -> (/ v ) v . 

Thus, the definition of the E maps is obtained by turning that of the E maps upside down; we will 
return to this aspect later. Then the above Lemma says that 

(2-8) (E^\f),g) = (LE^\g)). 

Note also that by definition the linear map E^v * s conjugate to Ey^y^yy , so that 

(2-9) ^> V ) = Tr(i? x ^). 



3. The Case of a Semisimple Pivotal Category 

In this section, we continue to study the GFS indicators for semisimple pivotal categories over k. 

In such a category, Lemma 2.9 allows us to express the GFS indicators of V as the pivotal traces 
of certain endomorphisms of tensor powers of V in the category. 

In the case where the category is spherical, we will obtain additional properties as well as another 
expression for the indicators in terms of pivotal traces of certain endomorphisms in the center Z(C). 
The latter expression will be used in the following section to compare our indicators to those defined 
by Sommerhauser and Zhu in the Hopf algebra case. 

Let C be a semisimple pivotal category over k. Recall that the pairings (-, (-, -) r defined in 
(1.4) are always non-degenerate in the semisimple case. Suppose {p a } is a basis for C(V, W). Then 
the non-degenerate pairing (■, -) e defines a dual basis {p e a } for C(W, V), where e = £ or r. The two 
bases {p £ a }, {Pa} may not be the same. However, when V or W — I, these two bases are identical 
because d r (I) = di{I) = 1. In addition, if C is spherical these two bases are always identical, and 
we will simply write {p a } for this dual basis in this case. 
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Proposition 3.1. Let C be a semisimple strict pivotal category overk, and letV G C, X = (X, ax) G 
Z(C) and (m,l) 6 H? . Suppose {p a } a is a basis for C(V m ,X). Then 



(3-1) 



(vr v-> \ 




if ml < 0, 



if ml>0. 



\v™ v 



Proof. This is a direct consequence of the definition of the indicators and Lemma 2.9. □ 
Remark 3.2. One may also see that 



<i(F) = ^ptr J 




£ptr 





v m v l 



for ml < 0. 



Proposition 3.3. Let C be a semisimple spherical category over k. For V € C and X S Z(C), we 

<^m,-l(V) = V* l (V V ) = V% l (V) 

for all (m, I) £ Z x Z. 

Proof. The first equality follows immediately from Proposition 2.8 (ii) by setting q = — 1. In the 
semisimple case (2.8) says that v and Ey^y are adjoint maps and have the same trace, so that, 
by (2.9), 

= Tr = Tr = □ 



Next, we will derive an expression for the GFS indicators as the pivotal traces of certain en- 
domorphisms in Z{C). For this we will assume that the category C is spherical. We will use the 
two-sided adjoint K : C — > Z(C) to the forgetful functor with the conventions at the end of section 
1.3. Associated with the adjunction iff, we define 



(3.2) 



V(X,K{V m )) * x ' vm ) C{X,V m ) 



-> C(X,V m ) 



-»• £>(X,K(F m )) 
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for to, i G Z, where T> simply denotes the center Z(C). Obviously, <Py*y is natural in X. By Yoneda's 
lemma, 

(3.3) V [ Zv\f) = 4 n ' l) °f 

for / £ V(X,K(V m )), where 

Note that for / e U(X, ^(V"" 1 )) and g e £>(#(V m ), X) we have, abbreviating « = k^' , 



where tf WjX : -4 P(if(W),X) and B^' : C(V m ,X) -> C(V m ,X) are respectively the 

adjoint maps of \&x,w and Ey^y with respect to the bilinear form (•, •) described in (1.5) and (2.8). 
Thus, if we define pjjj' to be the composition: 



/ — i B (m,i) 

(3.4) t$g> := P(/i(l/ m ),X) — — » C(F m ,X) C(V TO ,X) P(/v(^ m ),X) ) , 

then by the non-degeneracy of the pairing (■, •) we have shown 

(3-5) Vvjpid) =9°i^v" l) 

for all g £ V(K(V m ), X). In particular, Ky" = ^^^^(id^y-m)). 

The morphisms k defined above can be used to compute the GFS indicators with the following 
theorem. 

Theorem 3.4. Let C be a spherical fusion category over k, and X a simple object of T> := Z(C). 

For m,l £ Z, we Ziawe 

^) = ^Pte(4 m,0 °^) . 
where z-x. is the natural projection of K(V m ) onto the the isotypic component o/X. 

Proof. It follows from (3.2) that 

(3.6) ^(y)=Tr(^)=Tr(^ 

for all I, m £ Z. Let {/ Q } Q be a basis for P(X, ^(F" 1 )) and (f a } a the dual basis for V(K{V m ), X) 
with respect to the pairing (•,•). Then 

^ a ° f a ' = i^xy idx and Zx := d ^ f<* ° 7* 

is the idempotent corresponding to the isotypic component of X in K{V m ). Let us write k for Ky' l \ 
Then, by (3.3), 



^(V) = Tr(^>) = ]T(7 Q , = £(7 Q , «/o 



= £ptr(/«Ac/ a ) = ptr(/t£/ a /J = ^yptr(Kozx) ■ □ 
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Since <Py?y is conjugate to EyP'y , Lemma 2.5 implies analogous rules for the ip maps, as well as 



for the k morphisms. More precisely, we have 



(3.7) 

for kl > or m ^ 0. We write /V" 



(m,k+l) 



(m,fc) (m,/) 



"V 



for m/0 and jv 



jo, 1 ) 



Then we have 



_(m,Z) 



(0,1) 



for all Z > . 



In view of Proposition 3.3 and Theorem 3.4, the GFS indicator for spherical fusion categories can 
summarized in terms of f3 and 7: 



(3.8) 



E^£ (Pv™ z x) for to > 0, 
ptr (7y o zx) for to = and I > 0, 



- x :,_ i (^) 



for otherwise. 



Thus, the values of the GFS indicators are completely determined by those values i^i(V) with 
to > 0. This characterization will be useful in the following section. 



4. EQUIVARIANT FROBENIUS-SCHUR INDICATORS FOR SEMISIMPLE HOPF ALGEBRAS 

We will use the results in the preceding section to compare our generalized indicators with the 
equivariant indicators defined by Sommcrhauscr and Zhu [SZ]. 

Let C = iJ-modfi n for a semisimple Hopf algebra H over k. We follow the conventions for the 
Drinfeld double D(H) of H described in [Kas95] and [Mon93]. As a coalgebra, D(H) = (H*) co p®H. 
We abbreviate the element p ($} k in D(H) as pk and simply write p for pin and k for l_f/*fc. Recall 
that the multiplication in D(H) is given by 

pk ■ qh = 'y^ j pq(S(k3)?ki) ® k^h 

(k) 

where k\®k2® k% is the Sweedler notation for (A ® id)A(fc), and q(S(ks)^ki) denotes the linear 

(fc) 

functional a H ► q(S(k3)aki) on i?. 

The center Z(C) of i?-modfi n is equal to D(i/)-modfi n as a rigid monoidal category. For X £ 
D(ff)-mod fin , the half-braiding ctx(V^) : X ®V ^ V ® X iox V & C vs, given by 

<rx(V)(a; ® v) := M ® S*(h i )x 

i 

where S 1 denotes the antipode of H, {hi} is a basis for 7? and {h 1 } its dual basis for H* . Note that 
S 2 = \d H (cf. [LR87], [LR88]). The Drinfeld isomorphism m x G End D(H) (X) is given by 

iixfi) = Y^ hih l x = h l hiX 

i i 

for all x £ X. 

The induction functor K(-) = D{H)®h— is left adjoint to the forgetful functor from D(iJ)-modfi, 
_£/-modf in with the adjunction isomorphisms $y,x : Honiff(V,X) — ► Hom D (m(ii'(F),X) and 
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* V)X : Houid^^^.X) Rom H (V,X) given by 



*(Z)(P ® «) = and * (£)(«) = flr(l D(H ) ® «) 

for u G V, p 6 i/*. Note that D(H) ®h V naturally isomorphic to H* <E> V as k-linear spaces. Every 
element is a linear combination of the tensor products pgce D(H) (g)# V with p € H* and w G V. 

As we have mentioned following (2.7), the definition of E-^y can be obtained in the graphical 
calculus by turning the definition of Ey?y upside down. Explicitly, this gives, for to > 0: 



v v 



E X,V (ff) 




(0,1), 



and E x v (g) 



Thus, for V G C, X G Z(C), m > 0, / £ Hom H (V" m , X) and g G Hom ff (k, X), it is straightforward 
to verify that 



y^h i f(w®h i v) 



for v and u> G V m 1 , and 
-f=r(0,i) 



<v(.9)(i k ) = ]>>^)K-)s*(n g (i k ) = xy^^io = xvs(ik), 



where xv denotes the character afforded by V, {vj} a basis for V and {w- 7 } its dual basis. Therefore, 
for p e H*, v G V and it) G V m_1 , 

(4.1) Pv m (p ® (« ® to)) = X/^ 1 ® ( w ® anc ^ 7v(p ® Ik) = PXv <8> Ik • 



The above formula for /3ym is identical to the map /Syy-m-i defined in [SZ]. Let p m : D(H) — > 
End(D(H) ®h V m ) be the corresponding representation of the £>(-ff)-module D{H) ®h V m and z 
an element in the center of D(H). The (to, /)-th equivariant Frobenius-Schur indicator of V 
and z = ^2 i Piki is defined in [SZ] as 



r Tv{p i vm o Pm {z)) 



(4.2) 



I v z ((m,l),z) 



if to > 0, 



_ , dim H 

X! e (^)feXvO(A) ifm = 0andZ>0, 



^ I v z ((-m,-l),S D (z)) 



otherwise, 



where Sd is the antipode of D(H), e the counit of H, xv t ne character of H afforded by V 1 , and 
A the normalized integral of H, i.e. the integral of H satisfying e(A) = 1. 

The following corollary highlights the relationship between our GFS indicators and the equivariant 
FS indicators defined for semisimplc Hopf algebras. 
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Corollary 4.1. Let C = i/-modfi n for some finite- dimensional semisimple Hopf algebra H over k. 
For simple X 6 D(H)-modf nl , V 6 i7-modfi n and (m, ()eZx Z, 

= di^x 7 " Z((TO '°' ex) 

where ex is i/ie central idempotent of D{H) associated with X. 

Proof. We first consider m > 0. Since ex is the central idempotent of D(H) associated with the 
simple -D(iJ)-module X, p m (ex) is the central idempotent zx of End D ^ H ^(D(H) ®h V m ) corre- 
sponding to the isotypic component of X in D(H) ®h V m . The pivotal traces in _H-modfj n as well 
as Z}(iJ)-modf; n are identical to the ordinary trace of linear operators. Therefore, by Theorem 3.4 
or (3.8), 

<M = -x) = ^Tr(4,o Pm(ex) ) = ^/sz (K0)ex) . 

Let ex = J2iPiki f° r some p, € if* and fcj £ if, {/ij} a basis for if and its dual basis for 
if*. Then {V <g> l k } is a basis for D(H) ® H k and 



7v ! ° Pa 



(e^)(h J ® l k ) = 7y( (e x /i J (8 lk) = 7v (^ex ® lk) = ^ e(fa)h j PiXvi ® Ifc ■ 



Let A be the normalized integral, and xh the regular character of if. Then is a two-sided 
integral of if* and Xff(A) = 1 (cf. [LR88, Theorem 4.4]). By [Rad94, Proposition 2], 

Tr(7 V , op (e x )) = ^ e(ki)(h J PiXv')( h j) = XH(i)^2^(ki)piXv l ( A ) ■ 

i,3 i 

It follows from (3.8) that 

1 Him J-f 1 

V " {V) = dmrX Tr( ^ °^ (ex)) = diurX E C ^W(A) = —^((O,/),**) 
for Z > 0. 

Thus, if (i) m < 0, or (ii) m — and / < 0, then, by Proposition 3.3, we find 

v*i(V) = ^ > _ l (V) = -l-/f ((-m,-/), ex v) = - J_jsz ((mj0 x) _ 
dimX dimX 

The last equality follows from the fact 5fl(ex) = ex v and the definition of equivariant FS-indicators 
illustrated in (4.2). □ 



5. SL 2 (Z)-EQUIVARIANT INDICATORS FOR SPHERICAL FUSION CATEGORIES 



Given a pair (m, I) of integers, and an object V in a pivotal fusion category, the values of the 
GFS indicators t (V) for X £ Z{C) can be extended to a functional on the Grothcndicck algebra 
ICt(Z(C)) = Kq{Z{C)) ®i k. In this section, these functional are introduced as the equivariant 
indicators, and studied in detail for a spherical fusion category C. In this case, the center Z(C) is a 
modular tensor category, and so ICt(Z(C)) admits a natural representation of SL2(Z) as described 
in Section 1.4. We show that the set of all equivariant indicators for a spherical fusion category C is 
closed under the contragredicnt action of SL2(Z) on K.k(Z(C))*, and this action on the equivariant 
indicators is compatible with the action of SL2(Z) on Z 2 . This property of equivariant indicators 
implies the additivity of the GFS indicator Kj£j(V") in V, and that its values lie in the cyclotomic 
field Qn where N is the Frobcnius-Schur exponent of C. Moreover, a formula for the GFS indicators 
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for spherical fusion categories is obtained in Corollary 5.6 as a consequence. This formula implies 
the FS indicator formula discovered in [NS07a, Theorem 4.1]. 

Throughout the section, we consider a spherical fusion category C, and we let {[Xj]|j G T} with 
Xj = (Xj, axj) be the set of isomorphism classes of the simple objects in V := Z(C). 

The equi variant indicators for C are defined as follows. 

Definition 5.1. For m,l € Z, the (m,l)-th equivariant indicator of V S C is defined as the 
functional 7y((m, /), — ) G (/Qk(£>))* determined by the assignment 

M(m,0,[X]):=^00 
for X G Z(C); this is well-defined in view of remark 2.4- 

Remark 5.2. (i) Definition 5.1 obviously makes sense for pivotal fusion categories. However, there 
is no natural modular action on the Grothcndicck algebras of the centers of these categories, so we 
will reserve the term for the spherical case. 

(ii) For C = _ff-modf in for some semisimple Hopf algebra H over k, it follows from Corollary 4.1 
that 

I v {{m,l),z) = lf{{m,l)^{z)) 
where ip : fCk(Z(C)) — > Center(D(iJ)) is the Ik-linear isomorphism given by -0(pC]) = _i_ ex for 
every simple D(7J)-modulc X. Therefore, the equivariant indicator defined in Definition 5.1 is a 
generalization of the corresponding notion introduced by Sommerhauscr and Zhu in [SZ] to spherical 
fusion categories. 

Recall from Section 1.4 the canonical modular representation pz(c) '■ SL2(Z) GL(JCk(Z (C))) of 
Z{C). The association action of SL2(Z) on /Ck(Z(C)) is given by 

(5.1) s [ Xj ] = ^J2 S io[^i} and tpy^-py, 

where [S^j-Jp and [5jjWj]f are the S and T-matrices of Z(C). For the convenience of the remaining 
discussion, we summarize some properties of the equivariant indicators in the following lemma. 

Lemma 5.3. Let C be a spherical fusion category over k. For z G K%.{Z(C)), V G C, and q,m,l G Z, 
we have 

(i) iy((-m, ~l),z) = I V v((m,l),z) = I v ({m 1 l),s 2 z), 

(ii) I v ({qm,ql),z) = I V i((m,l), z). 

Proof. By (1.12), s 2 [Xj] = [Xj] = [XJ] for j G T. Therefore, the statements follow immediately 
from Propositions 2.8, 3.3 and Definition 5.1. □ 

We define an outer automorphism a of SL2 (Z) by 

(5.2) a (q) = jflH 1 where j = 

for g G SL2(Z). We will write g for <j(g) in the sequel. In particular, s = s" 1 and t = t — 1 , and so 
g = g for all g G SL2(Z). If p : SL2(Z) — > GL(V) is a representation, then we denote by p its twist 
by the automorphism a, i.e. 

(5.3) P(fl):=p(fl) for allg G SL 2 (Z). 
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We proceed to show the SL2(Z)-equivariance of the equivariant indicators as stated in the following 
theorem. 

Theorem 5.4. Let C be a spherical fusion category over k, V G C and m, I G Z. Then 

I v ((m,l)Q,z) = I v ((m,l),Qz) 
for all g G SL 2 (Z) and z G K, k (Z(C)). 



Proof. Since SL2(Z) is generated by s and t, it suffices to prove the equality holds for g = s,t. 
Let {[Vi] i G r} denote the set of isomorphism classes of simple objects in C. For any n G Z, 
i £ r and k G L, we let {pf a } a be a basis for C(V n , Vi), and {t^fc^}^ a basis for C(Vi,Xk). Then 
{ti,fe,/3 P"cJa,/3,i is a basis for C(F",X fc ). Let {qf a } a be the basis for C(Vi,V n ), and {7rj !fc!(3 }^ the 
basis for C(Xk, Vi) such that 

Pi,a ° C"' = <W' ' and ^^'.z 3 ° ^'i/ 3 ' = <W' ' 

Then {^ry<7" Q o TTi,k,p} a ,p,i forms a basis for C(X fc ,V") dual to {Li,k,P ° Pi, <*}<*, p,i relative to the 
non-degenerate bilinear form (■, ■). 

(i) s-equivariance. We first consider the case ml > 0. Then, by Proposition 3.1 and Remark 
3.2, 



( v 



I v ((m,l),[X k ]) = J2 d^n^L 



"J- 








C | 



( V 



a, a' p,i,j 



yra yl j 



V m V 1 



It follows from [Miig03, Lemma 5.9] that 



V % Vi 



— Y 



L i,k,P 



J 



i,k' ,p 



E 



Skk' 



d(Vi) dim C f 



Vi % 
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for all i,j G r and k G T, where [5 &]f is the S'-matrix of Z{C). Thus, we have 



I v ((m,l),[X k }) = 



a, a' j3,i,j,k 




By Proposition 3.1, the expression on the right hand side is equal to 

ESkk' X,,/ ,-r r \ ^kk' 



dimC 



I v ((l,-m),[X k ,}) = I v ((l,-m),s[X k }) =M(m,0s,s[X fc ]), 



fc' k' 

where the second last equality holds by definition of the SLi2(Z)-action on K.^(Z(C)) (cf. (5.1)). 
Therefore, Iy((m, l)s,s[Xk})) = Iv{{ r n, I), [Xfc])) for all k G F, and hence Iy((m, I), z)) = Iy((m, l)s,s 
for all z G JCk(Z(C)). Replacing z by sz, we obtain 

Iy((m,l),sz)) = Iy((m,l)s,ssz)) = Iv((m,l)s,z)) 

for all z G /C k (Z(C)) and (m, Z) G Z 2 with ml > 0. 

If mZ < 0, then m(— Z) > and (m, Z) = (— Z, m)s. In view of the preceding discussion, we find 

Iy((m,l),sz) = Iy((—l,m)s,sz) = Iy((—l,m),s 2 z) = Iv((l, -m),z) = Iy((m,l)s,z). 

Here the second last equality follows from Proposition 3.3, and this completes the proof of s- 
equivariancc. 

(ii) t-equivariance. For k G L and m,( 6 Z with m > 0, it follows from Proposition 2.8 (iii) 
that 

i v ((m,i)t, rx fc ]) = ^ m+i (y) = ^ X ^(F) = r v ((m,i),t[x k }) 

where [(Jat^alf is the T-matrix of Z(C). If m < 0, then, by Lemma 5.3, we also have 

I v ((m, Z)t, [X fe ]) = J v v ((-m, -Z)t, [X fc ]) = 7 v v ((-m, -Z), t[X fc ]) = J v ((m, /), t[X fc ]) . 

Therefore, Iy((m,l)t, z) = Iy((m,l),tz) for all z G K\{Z{C)) whenever m 7^ 0. By Lemma 5.3 (ii), 
ly((0, 0),z) = i>((l, 0), z) = / 7 ((1, 1), z). Thus, 

7y((0,0),tz) =/ J ((l,0),te) = Ij((l,l),z) = Jy((0,0),z). 

Note that (st) 3 = s 2 . Applying what we have just obtained, we find 

ly((0,l),z) = ly((-l,0)s,z) = I V ((-1,0),SZ) = Iy ((-/, 0), tststz) = Iy ((-I, -I), Ststz) 

= Iy((-l,l),Wtz) = ly((-l,0),fiz) = ly((-l,0)s,tz) = ly((0, 1), te). 

for Z E Z. In conclusion, we have iy((m, Z)t, z) = Iy((m,l),tz) for all (m,l) G Z 2 , and the proof of 
t-equivariance is complete. □ 

The theorem implies that the space of equivariant indicators is closed under the contragrcdicnt 
action of SL 2 (Z) on K. k (Z(C))*, and 

g ■ I v ((m, I), -) = Iy{{m, Z)fl" \ -) for all g e SL 2 (Z) . 
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One consequence of the SL2 (Z)-equivariance of the indicators is the additivity of v^ x ; (— ) for any 
pair of relatively prime integers (m, I) and X G Z(C). A different proof will be given in section 9. 

Corollary 5.5. LetC be a spherical fusion category overh, (m, I) a pair of relatively prime integers, 
and z G /Qk(Z(C)). Then 

Iv®w{{m, 0, z) = I v ((m, l),z) + I w ((m, l),z) forV,W eC . 

Proof. For V G C and simple X <E Z(C), v^ (V) = dimC(X, V). Therefore, vf Q {V) is additive in V, 
and so is 7y((l,0),z) for all z G JCt(Z(C)). Since m,l are relatively prime, there exists g G SL,2(Z) 
such that (m, I) = (1, 0)0. By Theorem 5.4, we find 

I vmw ((m,i),z) = I V(bW ((1,0)q,z) = I VBW ((l,0),gz) = I v ((l,0),gz) + I w ((l, 0),gz) 

= J v ((l, O) , z) + I w ((l, 0)0, z) = I v ((m, l),z) + Iw{{m, l),z) . □ 



The equivariant indicators shed new light on the relationship between the higher indicators for 
spherical fusion category C and the modular data of the Z(C). The following corollary which gener- 
alizes [NS07a, Theorem 4.1] is one of the examples. 

Corollary 5.6. LetC be a spherical fusion category over k, and Z(C) the center ofC with the ribbon 
structure 9 and braiding c. Suppose {X.; | i G T} is a complete set of non- isomorphic simple objects 
of Z(C) and [<Sjj]j 3 - e f> [^ij^>j]ij^f are ^ e corresponding S and T matrices. Then, for m G 7L, i G T 
and V G C, we have 



(5.4) 



,x 



l[V) = dhrlC H^kSikN^ = ^ ptr (c K(v) ^_ o c x . K(v) o (id X -®^ (y) ) 



where Ny k = dimC(Xk,V) and K is a left adjoint to the forgetful functor from Z(C) to C. In 
particular, if N = ord 8, then 

u N {V)=d(V) for all V EC. 

Proof. By Theorem 5.4, we find 

v%i(V) = Iv((m, 1), [Xi]) = M(-m, -1), [X ? ]) = ^((1,0)1"^, [X T ]) 

= I v ((l,0),t m S - 1 [X.j\) = I v ((l,0),i m S [X i ]) = -^J2"kSikIv((l,0),[Xk}). 



fcer 



It follows from the definition that 



M(1,0), rXfc]) = v?£(V) = dimC(X k ,V) = N* k 



and so the first equality follows. Since K (V) = J2ker N v k 'X k , we can conclude that 




dimC 




1 Y.< s * N v k - 



dim C 
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In view of [ENO05, Proposition 5.4] (or [NS07a, Proposition 4.5]), 

d{K{V)) = (dimC)d(V) for all V e C. 

Therefore, 

MV) = ^(V) = ^™ = d(v). □ 

Following [NS07a, Definition 5.1], the Frobenius-Schur exponent FSexp(C) of a pivotal category 
C over k with simple unit object is defined as the minimum of the set 

{n e N | v n {V) = d e {V) for all V G C}. 

It has been proved in [NS07a, Theorem 5.5] that if C is a spherical fusion category over C, then 
FSexp(C) = ord6> where 9 is the ribbon structure of Z(C). Indeed, the theorem holds for any 
spherical fusion category over k. 

If C is a spherical fusion over k, then we learn immediately from Corollary 5.6 that FSexp(C) < N 
where N is the order of the ribbon structure 9 of Z(C). Let Qn be the subfield of k obtained by 
adjoining a primitive TV-th root of unity in k to Q. For V G C, vn(V) is an algebraic integer in Qn 
(cf. [NS07b]), and so is d(V). Obviously, if lo G k such that 6>x = widx for some simple X G Z(C), 
then oj G Qjv. The subfield Qn of k can be identified with the iV-th cyclotomic field contained in 
C. Under this identification, and by [ENO05, Corollary 2.10], d(V) is totally real for simple V G C. 
Using the same proof of [NS07a, Theorem 5.5], we have FSexp(C) = N. 

Proposition 5.7. Let C be a spherical fusion category over k with Frobenius-Schur exponent TV, 
and let Xj, i G T, form a complete set of non-isomorphic simple objects of Z(C). Then 

tike 8 * ^ e Qn 

for all m,l G Z, i, j G T and V G C, where S = [Sij] denotes the S -matrix of Z(C). 



Proof. ^From the above remark, we find d(V) G Qn for all V G C. Hence 

dimC and d(X k ) G Q N for k G f. 

Let 9 be the ribbon structure of Z(C) and uik G k such that 6*x & = Wfe idx fc for k G T. By [BK01, 
3.1.2], we also have 

(5.5) % = w^uj 1 N-*u k d(X k ) G Q N . 

feef 

Therefore, Su G Qn- Note that s = ,. 1 r S is the normalized matrix of Z(C). Since s 4 = 1, 

dim C aim L 

is also a matrix over Qn- 

For any non-zero (m,l) G Z 2 , it follows from Proposition 2.8 that ^;(V) = ;'(U 9 ) where 
q = gcd(Z, m), Z' = Z/g and m' = m/g. By Corollary 5.5, it suffices to show that v^, V {V) G Qn for 
all V G C. Let G SL 2 (Z) such that (m',Z') = (l,0)g. By Theorem 5.4, 

(5.6) u^ il ,(V)=I v ((l,0) Q ,[X j ]) = I v ((l,0),Q[X j ]) 

= j2 gij i v ((i,o), [x,]) = ^^ (io =5Z^v 
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where [gij]f = Pz (c)(3)- Since s,t generate SL2(Z), [gij\ is a product of the matrices 

Pz{C)® ±1 = ** 1 and p^ 1 = T* 1 , 

where T = [JjjWjJp is the T-matrix of Z(C). These matrices have been shown to be matrices over 
Qat, and so is [<?ij]f ■ Therefore, the last term in (5.6) is an element of Qat. □ 

Remark 5.8. Since E^y^ has finite order dividing mN for m > 0, ^j(V) is a cyclotomic 
integer in Q N for m ^ 0. It has been shown in [CG94], [dBG91] and [ENO05, Theorem 10.1] 

that — — ~Q^ij G Q(£) f or some r oot of unity £. The above proposition proves £ can be chosen as a 
primitive N-th root of unity for the modular tensor category Z(C). It will be developed in Theorem 
7.1 that the image Pj^(s) of a modular representation p^f of a modular category A is a matrix over 
Q m where m = ord(p/^(t)). 



6. The center of a modular tensor category and congruence subgroups 

In this section, we study the GFS indicators for a modular tensor category. We obtain a general- 
ization of Bantay's formula in Proposition 6.1, and we prove in Theorem 6.8 that the kernel of the 
projective modular representation ~p A associated with a modular category A is a level N congruence 
subgroup of SL2(Z), where N is the Frobenius-Schur exponent of A. In the case that A is the center 
Z(C) of some spherical fusion category C, we know more precisely that the kernel of the canonical 
modular representation pz(C) 01 Z(C) is a level N congruence subgroup of SL2(Z). In fact this is 
proved first, in Theorem 6.7, and used in the proof of Theorem 6.8. An example for the congruence 
subgroup theorem is provided at the end this section. We begin with the discussion of the center of 
a modular tensor category. 

Let A = (-4, c, 0) be a modular category over k with a complete set of non-isomorphic simple 
objects {Ui | i G II}, the 5-matrix S = [Sij]u, and the T-matrix T = [6ijUJi]u- Without loss of 
generality, we may further assume that the underlying spherical fusion category of A is strict. 

Let Uij = (Ui ® Uj,aui®u )i (hj) G II x n, be the complete set of simple objects of Z(A) 
described in Section 1.4. We have noted = Ujj in (1.15), and so the (ij, W)-entry of the 
S- matrix S = ■ fei ]n x n of Z(A) is given by 




Since Qu i — uji id^ , we have the equalities 



Ui U, Ui u, 
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The XJij component of the ribbon structure of Z(A) is given by 



(6.2) 

Thus, the T-matrix of Z(A) is 
(6.3) 




id 



T = 



Oij,kl — 



nxn 



Using Corollary 5.6, we can prove the following generalization of [NS07a, Theorem 7.5] which is also 
a further generalization of Bantay's formula [Ban97] to GFS indicators. 

Proposition 6.1. Let A be a modular category over k with a complete set of non-isomorphic simple 
objects {U l | i e U}. Then, for U. (J = (U l ® Uj,a Ui9Uj ) G Z(A), 

where N%t = dim A(Uk <S> U, U a ) and [Sij]u, [SijU>i]n are the S and T-matrices of A respectively. 



Proof. The S and T-matrices of Z(A) have been shown in (6.1) and (6.3). By Corollary 5.6, we find 



Note that the (2, l)-st indicator for the unit object Uqo given by 



sokSoiNu 



is identical to Bantay's indicator formula for RCFT introduced in [Ban97]. 
The representation pz(A) is determined by the actions 

(6.4) *[U«] = S ^E^, y [U«] = s ^X) S « S &[ U «]' and ^ki]=cJ k Ljr 1 [V k i] 



dim .4 



k,l k,l 

and it is isomorphic to a tensor product of two representations as described in the following lemma. 

Lemma 6.2. Let A be a modular category over k with a complete set of non-isomorphic simple 
objects {Ui | i £ II}, and let p denote the representation pjj for some A, £ £ k such that A 2 = dim A 
and £ 3 = p\/\- Then: 

(i) The in-linear isomorphism (f> : K. k (A) ® /C k (-4) -> /C k (Z(-4)), [J7<] ® [{/,-] i— > [Uy] /rom (1.14) 
defines an isomorphism p <E> p — »• pz(A) °f representations of SL2(Z). 

(ii) TTie bilinear form (•,•}: /Ct (.4) ® Xi (.4.) — > k defined by ([Ui], [Uj]) = Sij is SLa(Z) -invariant 
under the representation p ® p. 
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Proof. Note that the SL2 (Z)-action on K,t(A) associated with the representation p is given by 

where [S'ij]n and [SijUjjju are the S and T matrices of A. Note that Sik = Ski and Sjj = Sjj. By 
(1.13) the representation p <E> p satisfies 

(6.5) s([Ui] ® [Uj]) = s[Ui] ®i[Uj] = s[Ui] ^s- 1 ^-] 
and also 

(6.6) t([Ui] ® [Uj]) = t[Ui] ® l[U 3 ] = t[Ui] ® r 1 ^] 

Comparing with (6.4) we see that </> satisfies 0(g([E/j] <8> [Uj])) = q4>([U] <g) [f/j]) for g £ {s, t} which 
implies that </> is SLi2(Z)-equivariant. 

Now apply the bilinear form (•, •) to the rightmost expressions in (6.5) and (6.6). It follows from 
(1.13) that they are both equal to Sij, and this proves the second statement. □ 

Definition 6.3. The kernel T(n) of the natural group homomorphism SL,2(Z) SL2(Z/nZ) is 
called the principal congruence subgroup of level n. A finite index subgroup G of SL*2(Z) is 
called a congruence subgroup if G contains a principal congruence subgroup of SL2 (Z) . If n is 
the least positive integer such that T(n) C G, then G is called a congruence subgroup of level n. 

In view of (5.2), 

(6.7) I\n) = r(n) for all positive integers n . 

We proceed to show that the principal congruence subgroup T(N), where N is the Frobcnius-Schur 
exponent, always fixes the equivariant indicators. 

Lemma 6.4. Let C be a spherical fusion category over k with FSexp(C) = N. Then 

I v ((m,l),gz) = Iv((m,l),z) = I v ((m,l),gz) 
for all m,l e Z, V eC, z £ K k (Z(C)) and g e T(N). 

Proof. Since T(N) = T(N), the first and second equality are equivalent. It suffices to show one of 
these two equalities holds. Note that £ T(iV) and pz(C){t N ) = id- Therefore, kerp^(C) contains 
the normal closure of t N in SLi2(Z). For N = 2, it is well-known that the normal closure of t 2 in 
SL 2 (Z) is r(2) (cf. [Bre60]). Thus, qz = z for all g £ T(2) and z £ K k (Z(C)). In particular, we have 
I v ((m,l),Qz) = I v ((m,l),z). 

Now, we may assume N > 2 and consider the relation ~ on Z 2 defined by 

(m,Z)~(m',n iff I v ((m,l),z) = I v ((m',l'),z) for all z £ JC k (Z(C)), V £ C . 

It is obvious that ~ is an equivalence relation on Z 2 . By Theorem 5.4, if (m, I) ~ (m', I'), then 

(m,l)g - (m',l')g for all g £ SL 2 (Z). 

We need to show that 

(m, I) ~ (to, Ofl for all (to, I) £ Z 2 and g £ T(N). 

To prove this, we use a version of [SZ, Theorem 1.3] which requires to verify the following conditions 
for each (m,l) £ Z 2 : 



4E SuStsPk] ® [^] 
Men 

=^(f)"Vj®i%]- 



2>s 
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(i) (m, /) ~ (to, mN + i) and 

(ii) (m, /) ~ (to, kl) whenever gcd(TO, I) = gcd(m, kl) for some integer k = 1 (mod TV). 

The first condition follows directly from Theorem 5.4 and the fact that pz{c)(\ N ) = id- For the 
second condition, we consider to, I, k G Z such that k = 1 (mod 2V) and gcd(m, i) = gcd(TO, fc/) = q. 
Obviously, if I = 0, then (to,/) ~ (m,kl). We may assume / ^ 0. In this case, g > 1 and 
gcd(m/q, l/q) = gcd(m/q, kl/q) = 1. If (m/q, l/q) ~ (m/q, kl/q), then 

iy((m, /), z) = Ivs{{m/q, l/q), z) = Iyq((m/q, kl/q), z) = Iy((m, kl), z) 

for all V € C and z G JC^(Z(C)). Hence (to,/) ~ (m,kl). Therefore, it suffices to prove (to,/) ~ 
(to, fc/) for gcd(m, /) = gcd(m, kl) = 1. If m = 0, then this condition forces fc = ±1. Since k = 1 
(mod iV) and iV > 2, fc = 1, and hence (0,/) ~ (0,fc/). So, we may further assume to ^ 0. Since 
gcd(TO, kl) = \, k and miV are relatively prime. Let £ G k be a primitive |m|iV-th root of unity and 
consider the automorphism Ofc G Gal(Qi m ijv/Q) defined by o~fc : £ i-> £ . Since fc = 1 (mod 2V), we 
have CTfe(^ m ) = £ m or equivalently o-fc|Q N = id. Since f?x = idx for X G Z(C), by Lemmas 2.5 and 

E T.v) = id - Therefore, 

nfaOO) = n (rr = Tr ((4^) = <kl(V) ■ 

On the other hand, v£ t (V) G Qjv by Proposition 5.7, and so it is fixed by o^. Thus, 
I v {{m, I), [X]) = /y ((to, fc/), [X]) for all V G C and simple X G Z(C). 
Hence, (to,/) ~ (m, fc/). □ 

Lemma 6.5. Let C be a spherical fusion category over k with FSexp(C) = N. Suppose Xo is the 
unit object of Z(C). Then [Xo] G K,\(Z(C)) is T(N)-invariant. 

Proof. Let / G IC k (Z(C))* be defined by 

/(*) = m£d(Wv»((M),*0 for ^/C k (Z(C)), 
im fcer 

where {VI- fc G T} is a complete set of non-isomorphic simple objects in C. As a consequence of 
Lemma 6.4, we have f(gz) = f(z) for all z G K%.(Z(C)) and g G T(7V). By Theorem 5.4, we find 



/(*py) = -^Erf^^ao.i)^^]) = -l-^TO/^ao.iKMx,]) 

im fcer im fcer 

-i-Ed(V fe )/ yfc ((l,0),[X,]) = -L-dptj) = s 0j = <[X ], S [X,]> 



dimC r - "* ' dimC 

fcer 

and thus /(at) = <[X ],z) for all z G £ k (Z(C)). Now ( [X o ],z} = <[X ],rM = /(fl^^) = f(z) = 
([Xo],z) for all z G K%.(Z(C)) by Lemma 6.2 (ii), and the result follows. □ 

Lemma 6.6. Let A be a modular tensor category over k with FScxp(^l) = N . Suppose A, £ G k 
such that A 2 = dirndl and £ 3 = p\j 'A and consider the representation pjj o/SL2(Z) on /C k (Z(C)). 
Then, for z,z' G /C k (.4), 

( z)(0z') = zz' /or a// g G r(iV) . 
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Proof. Consider the non-degenerate bilinear form (•, •) on IC k (A) from lemma 6.2. Let m: K, k (A) ® 
K-k(A) — > K,k(A) denote multiplication in the Grothendieck algebra. Then, by Lemma 6.2, we have 



and hence mcf) = m<fi 1 (w). Now for w = 4>{z <g> z 1 ) we have (f> 1 (qw) = qz ® qz 1 by Lemma 

6.2 and the claim follows. □ 

Theorem 6.7. Let C be a spherical fusion category over k with FSexp(C) = N . The kernel of the 
canonical modular representation pz(C) '■ SL2(Z) — > QL(1C k {Z (C))) of Z{C) is a congruence subgroup 
of level N . In particular, K, k (Z(C)) is T(N) -invariant, 

Proof. Recall that K, k (Z(C)) is a k-algebra with [Xo] as the identity element. It follows from Lemmas 
6.5 and 6.6 that 

z = z[X ] = (fl*)(fl[Xo]) = (&z)[X ] = qz for all e T(N),z G !C k (Z(C)) . 

Therefore, T(N) C heipzic)- Suppose T(N') C ker pz(c) f° r some positive integer TV' < N. Then 
t N ' 6 kerp z(c) or t N ' z = z for all z G K, k (Z(C)). Therefore, T N> = 1 where T is the T-matrix of 
Z{C). Since ord(T) = N (cf. [NS07a, Theorem 5.5]), N | N' and so TV = N'. □ 

Theorem 6.8. Let A be a modular category over k with FSexp(^l) = N . Then the kernel of the 
projective modular representation ~p^ of A is a congruence subgroup of level N. 

Proof. Let A, £ G k such that the representation p := p^ is well-defined. In view of Lemma 6.2, 
p eg p = pz(A)- Therefore, by Theorem 6.7, 

(6.8) qz <g> qz' = z ® z' for all z, z' £ JC k (A) and g G T(N). 

Pick z' G and e G /C k (^)* with e(z') = 1. Then (6.8) implies &ze(Qz') = z for all z G /C k (.4). 

In particular, p^(g) is a scalar multiple of idjc k (A) and hence /?.4(0) is the unit of PGL(/Ck(-4)). 
Thus, T(N) C ker 7^. 

Suppose r(iV') C ker7J_4 for some positive integer N' < N. Then p^(t N ) = aid for some 
nonzero scalar a G k. Therefore, 



where T = [SijUJiju is the T-matrix of A. Since loq = 1, we find 

1 = lj = ( N 'a 
and hence T N ' = id. This implies N\N'. □ 

Example 6.9. Let G be a finite abelian group and cj a normalized complex valued 3-cocycle on G 
such that quasi- Hopf algebra D UJ (G), introduced in [DPR92], is commutative. By [MN01, Corollary 
3.6], the function 9 Z defined by 



(m^CUtf),^]) - ([UilpjUUk]) = dim A{U i ®U j ,U k ) = /^((l, 0), [U^-]) 



for all i, j G II. Therefore, 



<m0-V), M = 0),w) for all w G JC k {Z(A)). 

By Lemma 6.4, for q G r(JV), 

(mf 1 ^),]^]) =^((1,0),^) =^((1,0),™) = {m<]>-\w),[U k ]) 




aid 



uj(z,x,y)u(x,y,z) 
u(x,z,y) 



:S0 
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is a 2-coboundary for all z S G. Let t z : G — > C x be a normalized cochain such that 6 Z = 5t z , i.e. 
9 z (x,y) = t z (x)t z {y)/t z (xy). In addition, we chose ii = 1. 

Following Section 9 of [MN01], the irreducible characters Xa,u of D U (G) are indexed by the group 
G x G where G is the character group of G. As a vector space D U) {G) = C[G]* (g> C[G}. Let 
{e(u) | u e G} be the basis of C[G]* dual to G. Then 

(6.9) Xa,u(e(/i) (g) y) = a(y)t u (y)6 h:U 

for a G G and h,u,y S G. The universal i?- matrix of D"(G) and the canonical ribbon structure (cf. 
[AC92] and [GMN07, p869]) are given respectively by 

# = X ( e ( ff ) ® 1 ) ® ( e ( ft ) ® 5 ^ w = X! e (- 9 ) ® 5 ■ 

g,heG g£G 

Since the pivotal trace of the canonical pivotal structure of D U {G) is equal to the ordinary trace, it 
follows from (6.9) that the ((ai, u\), {a%, U2))-entry of the S*-matrix for Z?"(G)-modf in is 

(6.10) &w((aij«i), (aa,«2)) = ® Xq2,« 2 )(^ 21 - r ) = ai(u2)a 2 (ui)i Ul («2)*« 2 («x) 
and the ((a, it), (a, u))-entry of the T- matrix is 

(6.11) q(a, u) = Xa,u( v ) = a{u)t u {u) . 

It is worth to note that q is a quadratic form canonically defined on the group of group-like 
elements of D"(G) and 6 W is the associated non-degenerate bicharactcr on F" defined in [MN01, 
p3491]. By [NS07a, Theorem 9.2], the Frobenius-Schur exponent of -D w (G)-modfi n is given by the 
formula 

(6.12) FSexp(L» tJ (G)) = lcm|a; c ||G| 

where G runs through all the maximal cyclic subgroups of G and \ojc\ denotes the order of the 
restriction of the cohomology class of ui to G. Moreover, _D w (G)-modfi n = Z(H-modf ln ) for a 
certain semisimple quasi-Hopf algebra H of dimension |G| [Maj98]. 

Now we consider the order 2 multiplicative group G = {1, a;}, and let a be the non-trivial character 
of G. Then ff 3 (G,C x ) = Z2, D U (G) is commutative for all normalized 3-cocycles w of G, and the 
irreducible characters of D U1 {G) are indexed by {(1, 1), (a, 1), (l,x), (a,x)}. 

(i) For lj = 1, we can chose t z = 1 for all 2 G G. It follows from (6.10) and (6.11) that the 
normalized S'-matrix and T-matrix are 

1 " 
10 
10 
-1 

Since s 2 = T 2 = (sT) 3 = id and s(sT)s = Ts = (sT)^ 1 , the image of the canonical representation 
p of -D(G)-modfi n is isomorphic ^3 and so kerp = T(2). 

(ii) For the non-trivial class of H 3 (G,C X ), we consider u> : G 3 — > C x defined by uj(a,b,c) = — 1 
if a = b = c = x and w(a, b, c) = 1 otherwise. Then w is a non-trivial normalized 3-cocycle on G. If 
one defines t z : G — > C x as t z (a) = i whenever a = z = x and t z (a) = 1 otherwise, then 9 Z = 5t z 
(cf. [GMN07, p857]). Using the same index set for the irreducible characters as in case (i), the 



1111 

11-1-1 
1-11-1 
1-1-1 1 



T 
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normalized S and T-matrices of D aj (G)-modfi n are 



1 

S= 2 



1 



-1 



T = 



10 

10 

i 

-i 



Then s 2 = T 4 = (sT 2 ) 4 = (sT) 3 = id and FSexp( J D^(G)) = 4. Since ssT 2 s = T 2 s = (sT 2 )" 1 , the 
subgroup generated by s, sT 2 is a dihedral group of order 8 and hence the image of the canonical 
representation p of -D w (G)-modfi n contains at least 24 elements. Since s 2 = id and s 2 = —1, we have 
r(4)(l, -1) C kcrp, and thus Imp is a homomorphic image of SL 2 (Z)/T(4)(1, -1) = PSL(2,Z 4 ) 
54. Thus we have 

kerp = r(4)(l,-l) and lmp = S 4 . □ 



More examples of small modular categories can be found in [RSW09]. 



7. Modular representations and a conjecture of Eholzer 

A matrix representation p : SL/2(Z) — > GL(n,k) which has finite image is called t-rational if 
Imp C GL(n,Q m ) where m = ord(p(t)). It is conjectured in [Eho95] that the representation 
p : SL2(Z) — > GL(n, C) associated with a RCFT satisfies the conditions: 

(i) The kernel of p is a congruence subgroup of SL/2(Z), and 

(ii) p is t-rational. 

In this section, we prove that every modular representation of a modular category has finite image 
and is t-rational. 

Let A be a modular category over k with a complete set of non-isomorphic simple objects {U% \ 
i G II}. We denote by Mn(i?) the ring of square matrices indexed by II over a commutative ring 
R, and GL(II, R) the group of invertible matrices in Aln(R). A modular representation of A is an 
ordinary group representation £ : SL,2(Z) — > GL(IT, k) such that p^(fl) = 7r(£(fl)) for all g S SLi2(Z), 
where tt : GL(II, k) — > PGL(II, k) is the natural surjection. In particular, pj, for A, £ G k satisfying 
(1.11), is a modular representation of A. 

Suppose & : SL2(Z) — > GL(II, k), i = 1,2, arc modular representations of A. Then there exist x s , 
Xi G k x such that 

6 (s) = x e £i (s) and ^ 2 (t) = x t ^i (t) . 
Using the relations of the s and t, we find 

— 1 ^.3 3 — 2 

S X ' • l 'I' i '5 5 7 

and hence xj 2 = 1 and x B = x^ 3 . This implies there are 12 modular representations of A. Moreover, 
for q G ker£i, £2(0) = a (s) id where a(g) is some power of x t . Since x\ 2 = 1, £ 2 (ker£i) is isomorphic 
to a subgroup of Z12. In particular, we find 

(ker £1 ) (ker £ 2 ) _ ker £1 

ker £ 2 ker £1 n ker £ 2 

By the same argument, (ker £1) (ker £2)/ ker £1 is a cyclic group of order dividing 12. Consequently, 
ker£i is a finite index subgroup of SL2(Z) if, and only if, ker £2 is of finite index. 
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Now, we consider a modular representation £ = pj where A,( £ k satisfy (1.11). Suppose 
N = FSexp(.4), [Sjj]n and [c^-WiJn are the S and T matrices of A respectively. We have pointed 
out in the paragraph preceding Proposition 5.7 that d(Ui) £ Qat for i £ II. Therefore, 

Sij,p^£QN 

and so C 6 = Pa/ Pa e Q^- Sincc C 6 e is a root of unity, ord(C 6 ) divides 2N. Thus, ( 12N = 1 
and hence 

(7.1) £(t) 12JV = id. 

Obviously, £(s) 4 = id, and so we have (dct £(g)) 12Af = 1 for all g £ SL 2 (Z). 

By Theorem 6.8, there exists a group homomorphism a : T(N) —> k x such that £(g) = a(g) id 
for all g £ r(JV). Therefore, a(g) 12Ar l n l = 1. In particular, the image of a is a finite cyclic group. 
Now we find 

^-^™>™>. 

Since T(N) is a finite index subgroup of SLi2(Z), so is ker£. Hence, all the modular representations 
of A have finite images. 

In view of the preceding remark, {£ x \ x £ k, a; 12 = 1} is the set of all modular representations of 
A, where £ x : SL 2 (Z) -> GL(n,k) given by 

(7.2) £,(s) := ^{s) = -L5, £,(t) := *£(t) = ^T. 

It follows from (7.1) that m := ord(£ x (t)) divides 12N. Since {ff^) m = 1 for all i G II and cj = 1, we 
find (C/x) m = 1 and so = 1 for all i £ U. Therefore, N \ m 12N and (/x, £ Q m for all i £ U. 

_ai 

(C/s 

£r(t) S GL(II, Q m ). This completes the proof of 



Since A£ 3 = p \ £ Q m , we also have x 3 X = 777^5 £ Qm- Since S £ GL(II, Qn), we have £ x (s) and 



Theorem 7.1. Let A be a modular tensor category over k. Then every modular representation p 
of A has finite image, and is t-rational. Moreover, 

FSexp(^) I ord(p(t)) | 12 • FSexp(^) . 

If one sets £ = p^ for some A, £ £ k satisfying (1.11), then £ x , x £ k a 12-th root of unity, are all 
the modular representations of A. □ 



In the proof of the above theorem, we have seen that T{N) / (T{N) nker£) is always a finite cyclic 
group. However, there exist many linear characters a : T(N) —> C x with finite images whose kernel 
are noncongruence subgroups of SL2(Z) (cf. [KL08]). So, it is still unclear whether there always 
exists a modular representation of a modular tensor category whose kernel is a congruence subgroup. 
In view of Theorem 6.7, this is true when the modular category is the center of a spherical fusion 
category. 



8. GFS INDICATORS AND INTEGERS IN THE OPEN STRING 



A family of scalars Y^ b indexed by the primary fields a, b, c of a RCFT was introduced by Pradisi, 
Sagnotti and Stanev. It is conjectured in [PSS95] that 



(8.1) 
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Borisov, Halpcrn and Schweigert also considered these scalars, and they conjecture in [BHS98] that 

2 

(8.2) SadSb 2 dSzd ± Yah > 



a 



^()d 



for all primary fields a, b, c, where [s ab ] denotes the S-matrix of the RCFT. By considering the Galois 
group actions, Gannon has shown these two conjectures under the assumption that the T-matrix of 
the RCFT has odd order [GanOO]. In this section, we use the GFS indicators to prove these two 
conjectures for all modular categories. 

Let A be a modular category with the set of simple objects {Ui \ i £ II}, and the S and T 
matrices [S'ijjn and [(S^w^n. Recall from Section 1.4 that {Uy = (Ui (g> Uj,o~Ui<&Uj) I hi £ n} 
forms a complete set of simple objects of Z(A). In the remainder of this section, we consider the 
normalizations s, t of S and T respectively: 

(8.3) s:= \ S ' l -^ T 

where A, ( £ k satisfy (1.11). In particular, A 2 = dim„4. The assignment s i— > s, t M> t defines an 
ordinary representation of SLi2(Z). 

The fusion coefficients N° b = dim A(U C , U a ® Ub) of A and s are related by Verlinde's formula (cf. 
[BK01]): 



(8-4) K b = 



SadSbd.Scd 



den Sod 

Defining the matrix N a e M n (k) by (N a ) bc = N£ b , the assignment JC (A) ->• M n (Z); [U a ] ^ A^a is 
the regular representation of ICo(A) in matrix form. The Vcrlindc formula (8.4) can also be rewritten 
in matrix form as 

(8.5) N a = sDaS- 1 

where D a is the diagonal matrix [5ij^-]n- 

Definition 8.1. Let s be the normalized S-matrix of the modular category A described in (8.3). For 
J,K 6 GL(II, k), we define Y a (J,K) G Mn(k) with the (b,c)- entry given by 



Y a c b (J,K) :=]T 
where Q = JsKsJ = [Qij]n and Q" 1 = [Q.^-Jn 



s adQbdQcd 



den Sod 



It is worth noting that Y a (J, K) is independent of the choice of A used in the normalization (8.3) 
of s. Moreover, for any non-zero scalars i,i/ek, 

Y a c b (xJ,yK) = Y: b (J,K). 

For any to s k and positive integer m, we write to 1 / 771 for an m-th root of u). Similarly, for any 
diagonal matrix D £ Mn(k), D 1 /'™ abbreviates a diagonal matrix in Mn(k) which satisfies the 
equation (l? 1 /™) = D. For any m-th root t x l m of t, there exists an m-th root T 1 /" 1 of T which is 
a scalar multiple of t x l m . For these, 

Y a {J,t m ) - Y a {J,T m ), Y a {t x l m ,K) = Y a {fF x l m , K) and ^(f 1 /™ f») = F^T 1 /" 1 , T" 1 ). 

In particular, Y" a c & (t 1/2 , t 2 ) are the scalars F a c 6 considered in [PSS95] and [BHS98]. The following 
lemma suggests a relation between these scalars Y£ b and the GFS indicators via Proposition 6.1. 



:S4 
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Lemma 8.2. Let J,KG GL(II, k) such that K is symmetric and J is a diagonal matrix of the form 
[$ijT)i]n- Then, for a G II, 

Y a {J,K) = {JsK)N a {JsK)- 1 . 

In particular, the assignment Kq{A) — > Mn(k); [U a ] Y a (J,K) defines a matrix representation of 
ICo(A). 

Moreover, for any positive integer m and a, b, c G II, 

YS b {J,T m ) = -^,i{U a ). 

Vc 

Proof. Since J,K are symmetric, and so is Q = JsKsJ. Let D a be the diagonal matrix [<%— ]n- 
Then we have 

Y a (J, K) = QDaQ- 1 = JsKsJDaJ-Ks^iJsK)- 1 = JsKsD^iJsK)- 1 = JsKNa(JsK)- 1 . 
Here, the third equality follows from the Verlinde formula (8.5). In particular, 

'Ic kl lc kl 1 ' c 

Here the last equation is an immediate consequence of Proposition 6.1. □ 

Theorem 8.3. For any positive integer m and a, b, c G n, Y a s b (T 1 ' m , T m ) is an algebraic integer in 
Qm and 



(8.6) Yl Sad ' Sb J S " d = dim A{U C , Uf m ® U b ) > |^ Q c 6 (T 1/m , T m )\ 

den S ° d 

where the inequality is considered in an embedding in Q m into C. In particular, 
^(T^T^eZ and J2 SadSb 2 dS ~ cd ±Y a c b (T 1 / 2 ,T 2 ) > 0. 



den s od 



If, in addition, m is relatively prime to the Frobenius-Schur exponent N of A, then there exists an 
m-th root T x l m G M n (Q N ), and Y^ b {T 1 l m ,T m ) is a rational integer for all T 1 /" 1 G M n (Q N ). 

Proof. In view of Lemma 2.7 and (6.2), (e^I)™ = ^ id as operators on A(U b ® U c , U® m ). If 
we set 

l/m 

p _ p(m,l) 

U! c 

then E m = id and hence Tr(i?) is an algebraic integer in Q m . Note that 

l/m 1 jra 

Tr(E) = ^Tr^X) = ^W^ff (Ua) = Y a c b (T 1/m , T m ), 

where the last equality follows from Lemma 8.2. Therefore Y£ b (T 1 / m ,T m ) is an algebraic integer in 
Q m for all positive integers m. Since E is a finite order k-linear operator on A(U b <8> U c , U® m ), if 
one identifies Q m with a subfield of C, then 

|yc t (T l/m ! T mj| = | < dim A{JJ _ g, ^ ^®m) = dim ^ ^ _ 
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By (8.5), N™ = sD™s~ x . Note that the (b, c)-entries of AT™ and S-D™s _1 are respectively given 

by ' 

dim (A(U C , Uf m ®U b )) and ^ s ad s bd s cd 

den s od 

Thus, the first equality of (8.6) follows. 

Let <;jv G k be a primitive iV-th root of unity. Then uj a is a power of for any a 6 IT. If to, N 
are relatively prime, then there is an TO-th root uhJ m G Qn and hence T has a diagonal TO-th root 
T 1 /™ £ Mn(Qjv)- By Remark 5.8, v^{(U a ) is an algebraic integer in Q N , and so is Y^T 1 '" 1 , T m ). 
Therefore, Y^ b (T^ m , T m ) is an algebraic integer in Q N n Q m . Since (to, N) = 1, Q N D Q m = Q and 
so ^aK 7117 ™' Tm ) is a rational integer for any a, 6, c G n. □ 

Remark 8.4. 77ie specialization to = 2 o/ Theorem 8.3 implies the conjecture of Pradisi-Sagnotti- 
Stanev (8.1) and </ie conjecture of Borisov-Halpern-Schweigert (8.2). As a consequence of Lemma 
8.2, for to = 2 or (m,iV) = 1 iw&ft T 1 /™ S M n (Qjv), the assignment JC (A) -t Mn(% [U" a ] ^ 
^(T 1 ' 7 ™, T m ) defines an integral representation of lCo(A). 



9. Generalized Frobenius-Schur Endomorphisms 

It has been shown in [NS07b] that the Frobenius-Schur indicators of an object V in a pivotal 
fusion category C over k are the pivotal traces of certain endomorphisms, called the Frobenius-Schur 
(FS) endomorphisms. In this section, we introduce the definition of a generalized Frobenius-Schur 
(GFS) endomorphism FSjT; for a pair (m,l) of positive integers, an object V S C, and a natural 
endomorphism z of the identity functor of Z(C). These GFS endomorphisms reduce to the FS 
endomorphisms defined in [NS07b] when z is the projection onto the trivial component. For a simple 
object X e Z(C), we show that the GFS indicator i^j(V) is the left pivotal trace of FS|7!! hdjx)' 
where zx is the natural projection onto the isotypic component of X. Moreover, if (to, I) is a pair 
of relatively prime integers, the GFS endomorphism FSy^' is natural in V. 

This implies once again the additivity property 

for a simple object X £ Z(C) and a pair (to, I) of relatively prime positive integers proved already 
in corollary 5.5 above when C is spherical. 

Let C be a pivotal fusion category over k, T> = Z(C), and F : T> — s> C the natural forgetful functor. 
Note that F maps the morphisms of T> injectively to the morphisms of C and the pivotal trace of a 
morphism / in T> is identical to the pivotal trace of F(f) in C. Therefore, we may simply use the 
same notations for a morphism (or an object) in T> and its images in C under F. 

Now, we consider the two-sided adjoint K to the forgetful functor F with adjunction isomorphisms 
arranged as in (1.5). For W G C, we define 

uw := ^w,K(W)( id K(w)) ■ W -> K (W), and c w := ^ K (W),w( id K(w)) ■ K{W) -> W . 



Then 
for all g G C{V,W). 



Uw °g = K(g) o uy and Cw °K(g) = g o cy 



:s<; 
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Let X 6 V, and let {p a } a be a basis for C(W,X), and {q a } a its dual basis for C{X,W) with 
respect to the pairing (•, ■)#. Set P a = $(p a ) and Q a = 5 ,_1 (g a ). Then 



p a = P a ou, <? Q = coQ Q and (P Q , Q Q ')<? = 5 a , a ' ■ 

Therefore, {P a } a and {Q a } a are dual bases for V(K(W),X) and 2?(X,if(W)) respectively. If X 
is simple, then 

z x = d e (X) y^^QgoPg 

a 

is the natural projection of K(W) onto its isotypic component of X. Note that zx/df (X) is a natural 
endomorphism of the identity functor on T>. 

Assume C strict and set W = V m for some V (z C and positive integer m. Then 




where we use the following 
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Definition 9.1. The (m, l)-st GFS endomorphism of V associated to an endomorphism z of the 
identity functor on Z(C) is 

v 



Proposition 9.2. Each of the (m,l)-st GFS endomorphisms defines a natural endomorphism of 
the identity functor on C. In particular, i(V) is additive in V for any simple X £ Z{C). 




Proof. Consider / : V — > W in C, and write 

fk = id W k-i ®f ® id ym -fc : W 
for all 1 < k < m. We have 



(9.2) 




and when k < m we can continue 




We conclude by induction that 
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FS^j for U,V £ 



By the naturality of the (to, l)-st GFS endomorphisms, we find FS^gy z = FS[7t 
C. If X 6 Z(C) is simple, then it follows from (9.1) that 

For C = iJ-modfin for some scmisimplc quasi-Hopf algebra over C, the natural endomorphism 
FS^ m j is associated to a central element fi m .z{H) of H. Moreover, 

ptr(FSS ) = Xv(HmAH)) 

where xv is the character afforded by V G C. This central element was determined in [NS08] for 
z — zj but, for a general z, is yet to be determined. 

Wc now turn to our more general version of GFS endomorphisms. 

Definition 9.3. For non-negative integers k, r, to with Z:=fc + r + l<TO and a natural endomor- 
phism z of the identity functor on T>, wc define 



FS 



(m,fc,r) 
V,z 




where the distribution of tensor factors over the legs of the graphical symbols for the unit and counit 
of adjunction is as follows: 

K(y m ) 



v k V V 



and 



K{V r ' 



V k V V r V 



We abbreviate FS£"'' ; = FS^'~ 1W for 1 < I < rr 



(m,l) pn(ra.!-l,0) 

V,z — ±-^V,z 

Lemma 9.4. Let m 6H, fc, r > with 1 < / := k + r + 1 < m 

(i) For simple X G Z(C), = ^ ptr/ (M%£) ■ 

(ii) Ifr > 0, then ptr* (isj£ >fc>r) ) = ptr r (FS^ k+1 ' r ~ 1 



(iii) In addition, if C is spherical, then 

*"* p rt = ptr (FS^T/)) and = ^ ptr (lg££ r > 



ptr(FSV. 



/or simple X 6 2?. Moreover, FS^T^^ = FSy" /or simple V G C 



Proof. The proof of (i) is similar to (9.1), and (ii) can be obtained directly from graphical calculus. 
If C is spherical, then by induction we have 



ptr(F^^)=pte(FS^) 
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Hence, by (i), v* tl (V) = ^ ptr (fS^ r) ) for simple X e Z(C). If V is simple, then FS^ k ' r) 
and FSy™''- 1 are scalar multiples of idy. Since they have the same pivotal trace and d(V) 0, 

pg(rn,fc,r) _ pg(W) Q 

Proposition 9.5. FSyJ 1 * is natural in V provided m and I := k + r + 1 are relatively prime. In 
particular, v^li{V) * s additive in V. In addition, if C is spherical, then FS("' fc ''^ = FSy 1 ' for all 

v e c. 



Proof. Let s G 5 m be the permutation determined by requiring s(i) £ {1, . . . , m} to be congruent 
to i + I modulo m. Note that s is an m-cycle since m and I are relatively prime. 



Consider /: V — > W. For any Xi, Yj in C we will write 

f p : X x ® . . . ® ® V ® Yi ® . . . CS> Y u Xi (8i . . . ® X p _i ® ® Yi 



Y,. 



for the morphism that acts as / in the p-th position and the identity elsewhere. Define a series of 
objects and morphisms 



V[0) V[l] V[2] 



fin] 



> V[n] 



by V[0] = V® n and f[i] = f s i - 1 (k+i): this fixes V[i] which has to be the appropriate target. Note 
that the sequence is well-defined since s is transitive, and we have V[n] = W® n . 



Let 



Gi 




for any i £ {!,..., m}. 



The last equality follows from a similar argument as (9.2). If p := s % 1 (k + 1) < m — I, then 



G, 





Gi+i 



-10 



SIU-HUNG NG AND PETER SCHAUENBURG 



since p + I = s(p) = s l {k + 1). If m — I < p < m — I + k, then for q := p — m 



Gi 




Gi+l 



since q = s(p) = s t (k + 1). If p > m — I + k + 1 = m — r + 1, then we set q = p — m + l — k— 1 and 
find 

v 



Gi 




Gi+i 



since now q + k+1 = p + l — m = s(p) = s l (k+l). Because s has order m and s(m — l + k— 1) = fc+1, 
the case p = m — I + k + 1 = s m ^ 1 (k + 1) occurs when i — m. Thus, using induction, we have 

/ o FS^/' = G 1 = ■ ■ ■ = G m = FSfe fe ' r) of . 



The remaining statements are direct consequences of the naturality of FS™ ' '' and the previous 
lemma. □ 
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on congruence subgroups. 
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